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H2 Optimal Halo Orbit Guidance

Brian L. Jones* and Robert H. Bishopt
University of Texas at Austin, Austin, Texas 78712

An output feedback guidance law for a halo orbit about the translunar equilibrium point in the circular
restricted three-body problem is developed. The equations of motion are derived and the location and stability
of the translunar equilibrium point discussed. The halo orbit guidance problem is formulated in the frequency
domain from which an output feedback guidance law is developed using HI control theory. Simulation results
validate the guidance law and provide data that quantify the effect of control inputs, noise characteristics, and
halo orbit characteristics on the steady-state halo orbit stationkeeping costs.

Introduction

H ALO orbits were primarily investigated in the late 1960s
when NASA began examining follow-on lunar explo-

ration opportunities to the Apollo program. In an effort to
open up the far side of the moon to exploration, studies were
undertaken to determine if continuous communications or
staging operations with a far side lunar base could be accom-
plished. More recently, a NASA report1 investigated four ap-
proaches to a manned mission to Mars. Common to all four
approaches was the deployment of a telecommunications satel-
lite in translunar halo orbit to support far side lunar communi-
cations. Figure 1 shows the geometry of the translunar halo
orbit. The translunar equilibrium point is inherently unstable
and chaotic; active guidance will be required to maintain the
halo orbit.

Many investigators have examined the general halo orbit
guidance problem; this paper will summarize only those
sources that directly apply to the translunar halo orbit guid-
ance problem. Farquhar2'3 and Farquhar and Kamel4 provided
an extensive review of previous work done on controlling an
orbit about an equilibrium point. They considered controlling
a halo orbit about the translunar equilibrium point and
showed that using a simple proportional plus derivative con-
troller provided asymptotic stability while minimizing the con-
trol acceleration required. Deviations from the desired orbit
were not considered in the minimization. Breakwell et al.5
formulated the halo orbit guidance problem as a periodic sys-
tem. They used the classical optimal control approach with the
addition of an observer to the system model. Position devia-
tions were considered in their problem formulation, but only
results for a large halo orbit radius were given.

Subsequently, a flight dynamics study6 of both the halo and
hummingbird concepts was completed; the hummingbird con-
cept places a spacecraft at a stationary offset position from the
equilibrium point. Both concepts were found to be feasible,
but the halo orbit was preferred because it has fewer propul-
sion requirements for stationkeeping. This study's problem
formulation used a frequency matching guidance law with
discrete impulses applied twice an orbit. Heppenheimer7 used
phase-plane methods to construct a family of locally fuel-opti-
mal out-of-plane period controls. Vonbun8 also investigated
using a hummingbird orbit rather than a halo orbit and found

in general that it required 10% more acceleration to maintain
the desired position. More recently, Fraietta and Bond9 com-
puted stationkeeping costs for halo orbits about both the cislu-
nar and translunar equilibrium points.

Finally, Farquhar10 compared the use of a polar lunar orbit
and a halo orbit for lunar exploration staging operations. He
concluded that a halo orbit space station could offer important
operational and performance advantages compared with a po-
lar lunar orbit station. Among these advantages were increased
communication opportunities with the lunar surface and in-
creased launch windows for transfers between the space sta-
tion and the lunar surface.

This research takes a different approach by using H2 control
theory to formulate the halo orbit guidance problem as a con-
tinuous thrust system in the frequency domain. The advantage
to the frequency domain problem formulation is that it can be
extended to modern control theories, such as H2 and H^ the-
ory, so that the class of plant disturbances and measurement
noises considered can be expanded. This paper presents a guid-
ance law that stabilizes the translunar halo orbit and minimizes
the position deviation from the halo orbit plus the control
acceleration. The relevant equations of motion are given in the
next section. Subsequently, the system models, guidance law
computation, and simulation results are presented. Finally, the
last section summarizes this research and draws general con-
clusions.
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Table 1 Equilibrium point locations

Equilibrium point
Translunar, L\
Cislunar, £2
Trans-Earth, LS
Triangular, £4,5

X

1.155682
0.836915

-1.005063
0.487849

y
0
0
0

±0.866025

Circular Restricted Problem of Three Bodies
Investigation into the problem of three bodies dates back to

the 18th century. In 1772, Lagrange showed the existence of
equilibrium points in the restricted three-body problem. This
problem has been the focus of much research in classical celes-
tial mechanics; Szebehely11 devoted an entire volume to just
this subject. The circular restricted three-body problem defines
a system where two primary bodies revolve around their
barycenter in circular orbits under the influence of their mu-
tual gravitational attraction, and the third body, which has
significantly less mass, is attracted by the two primary bodies
but does not influence their motion. The circular restricted
problem of three bodies mathematically describes the motion
of the third body.

Nonlinear Equations of Motion
The derivation of the nondimensional equations of motion

for the circular restricted three-body problem is well known
(see Szebehely,11 for example). The halo orbit guidance prob-
lem adds one additional term in each equation, U9 correspond-
ing to the control acceleration on the spacecraft. Hence,

x - 2y - x = -
PMS PES

MS PES

where

+ UX (1)

(2)

(3)

(4)

hz 2 (5)

and where x, y, and z are the nondimensional position compo-
nents of the spacecraft in each axis of the rotating coordinate
system, and /* is the mass ratio of the two primary bodies.

Equilibrium points occur when all external forces are bal-
anced. Assuming no active propulsion by the spacecraft, Eqs.
(1-3) produce the equilibrium points given in Table 1 for the
Earth-moon system (/-i = 0.01215057)12; the z component is
identically equal to zero for each point. Figure 2 shows the
geometry of these points.

Linearized Equations of Motion
Equations (1-3) can be written in functional matrix form as

X = f [ X ( t ) ] + g [ U ( t ) ] (6)

where

X±[xyzxyz}T and U±[UxUyUz]T (7)

Define the linearized state and control as

where ( )nom denotes a nominal value. Neglecting the higher
order terms in a Taylor series expansion yields

where

^0=1- and du

(9)

(10)

Consider a nominal halo orbit of small radius centered
about an equilibrium point. The guidance law can then be
developed about the stationary equilibrium point and the nom-
inal halo orbit added to the closed-loop system as a pertur-
bation; a halo orbit radius of 3500 km has a maximum per-
turbation of 0.8%. Treating the nominal halo orbit in this
manner allows the linearized equations of motion to become
time invariant rather than periodic. For the translunar equi-
librium point,

0

1G22J
and (ID

where

and

7.380861 0 0
0 -2.190431 0
0 0 -3.190431

0 2 0
- 2 0 0

0 0 0

(12)

(13)

Note the f axis can be uncoupled from the £ and r/ axes after
the linearization.

Periodic Orbits
The unforced solution to Eq. (9) can be solved analytically:

(14)

(15)

(16)

+ C2exp(rO

C4sin(o>iO

= C5QXp(-rt) + C6exp(rO

= C9cos(oj2/) + Ci0sin(a>20

ycenter
Earth \ / Moon

and (8)

\ /
\ /

^
*5

Fig. 2 Equilibrium point locations.
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Fig. 3 Uncontrolled periodic orbit.
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Fig. 4 //2 system model.

where

r = 2.158677, on = 1.862647, co2 = 1.786178 (17)

and Q-Cio are constants of integration and functions of the
initial position and velocity of the spacecraft. In general,
Eqs. (14-IS) are unbounded; thus, the linear system is un-
stable. However, if the initial conditions are chosen properly,
the exponential terms can be eliminated. In addition, if the
periodic orbit is chosen to be centered about L t , that is,
£(0) = 0, and the initial point of the orbit is selected so that
f(0) = 0, Eqs. (14-16) further reduce to

£(0 = 0.3433347?(0)sin(l. 8626470

. 8626470

. 7861780

(18)

(19)

(20)

It is readily apparent that a small radius halo orbit, that is,
the region where the linear system is valid, cannot exist with-
out active guidance because of the different natural frequen-
cies between the rj axis and the f axis. Figure 3 graphically
illustrates this result by choosing 7j(0) and f(°) to be 0.00911

(3500 km) and 90 deg out-of-phase. This Lissajous trajectory
clearly shows periods of time when the moon will block the
line-of-sight between the Earth and a spacecraft; this period of
blockage equates to a disk with a radius of 0.00806 (3100 km)
centered at the origin on Fig. 3.

Halo Orbit Guidance Law
//2 control theory minimizes the two norm of the closed-

loop transfer function Tzvv, between the regulated variables sreg
and the exogenous inputs w; the H2 system model is shown
in Fig. 4. A precise problem statement is as follows:

Minimize

where the regulated variables are chosen to be

and the exogenous inputs are chosen to be

=

(21)

(22)

(23)

The plant disturbances wd and the measurement noise wm have
a fixed power spectrum. In addition, p^ and pf are selectable
constants so that the relative weighting of position deviation
and control acceleration can be varied. Since the deviation in
the £ axis does not affect the line-of-sight between the halo
orbit and Earth, £ was not included as a regulated variable.

System Models
Desired System Model

Figure 5 shows the desired system model where G represents
the plant and JSrhaio represents the guidance law. The plant and
guidance law have the general realizations

G - AC
CG

BG

Do.
and ^halo :

BK\
DK\

(24)

Plant Disturbances
(eg. Nonlinear Effects,
Third Primary Body)

Desired
Halo

Spacecraft
Position

Measurement

Guidance Linearized
Law Equations

of Motion•o
Fig. 5 Desired system model.

Measurement
^ Noise

Fig. 6 Expanded system model.
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Figure 6 shows an expanded system model where G has been
broken down into its realization parts; Gx has the realization

(25)

In this paper, only position measurements are considered.
Hence,

0] and (26)

The environment consists of plant disturbances and measure-
ment noise, both modeled as white Gaussian noise with zero
mean and identity covariance. The plant disturbance, or pro-
cess noise, is then scaled by a nondimensional matrix Hd,

7TV7 0

0 7T,/
(27)

where irv and ira are the nondimensional square root of the
fixed power spectrum in velocity and acceleration, respec-
tively. The measurement noise has also been scaled by a nondi-
mensional matrix Hm,

nm - TTPI (28)

where TTP is the nondimensional square root of the fixed power
spectrum in position.

H2 System Model
Figure 4 shows the system model required by Doyle et al.13

for the two Riccati equation H2 control system design method.
The plant PG in this system model has the general realization

Pc,=

A
c,
C2

B, B2

Dn Dn

D2] D22

(29)

and requires a particular structure for the D matrices. Dailey14

summarized a method for loop shifting and scaling these ma-
trices; this method uses the singular value decomposition of
the Dn and D2{ matrices to transform a general system model
into the desired form. Transforming the expanded system
model (Fig. 6) into the H2 system model and applying scaling
yields

AG

Pr,**,,

Pr«r
0

iCcG

n^
0
0
0
0

0
0
0
0

BG

0
0
/
0

(30)

where (~) indicates scaled parameters and ct^ and ar are ma-
trices defined such that

and f = (31)

State-Space H2 Solution
The H2 optimal solution involves solving two algebraic Ric-

cati equations.13 The first Riccati equation (X2) represents
state feedback; the second Riccati equation (F2) represents
observer feedback. For this system, the two Riccati equations
are

X2A G - AT
GX2 = ° (32)

Table 2 Simulation noise statistics

Position
Velocity
Acceleration

Fixed power spectrum
*J= 2.665 m2/s

7ri;=2.665e-8m2/s3

7r2 = l.666e-15m2/s5

Average state a
9.637 km
1.152m/s

N/A

Table 3 AFrox comparison

Study
Midrange weighting
Minimum weighting
Farquhar3

Flight dynamics6

Heppenheimer7

Fraietta and Bond9

AFroT, m/s/day
0.2997
0.1549
0.2839
0.2800
0.2929
0.7934

Given the solutions to Eqs. (32) and (33), the feedback gain
matrix becomes

F2 = —BGX2

and the observer gain matrix is

Finally, the optimum guidance law is given by

- h l-^ 'h a ' °~ l
where

= \A*_J*n?]
[cx o J

Ag = A - B0BT
GX2 -

Y2AT
G - Y2c£n~Tn-lcGY2 = o (33)

(34)

(35)

(36)

(37)

(38)

(39)

Simulation Results
A simulation was developed to validate the guidance law

given in Eq. (36). For the initial cases examined, linear simula-
tion results were found to be in agreement with nonlinear
simulation results. Therefore, the linear simulation was used
to generate the results presented in this paper. Data from two
typical H2 optimal guidance laws are given first, followed by
three parametric studies.

Typical H2 Guidance Law
The simulation was run for 300 days (20 revolutions of the

halo orbit) using midrange weighting parameters (p,,= 170
and pf=550) and minimum control acceleration weighting
parameters (pri = 36 and p r= 1000). The noise statistics used in
the simulations are given in Table 2. These statistics are consis-
tent with the tracking accuracy study contained in the flight
dynamics study.6 The variations in the average total steady-
state propulsion requirement per day (AKTOr) with respect to
these input parameters are discussed in detail in Jones15 and
summarized in the next section. The reference input was a
clockwise circular halo orbit with a radius of 3500 km and a
nondimensional frequency of 1.862647.

The resultant system states and the control accelerations are
sinusoidal functions at the selected halo orbit frequency. The
estimation error is quickly driven to zero by the observer in all
states. Table 3 compares these typical guidance laws with pre-
vious results; these results do not include process or measure-
ment noise.

A robustness analysis was done for the guidance law using
midrange weighting parameters. Structured uncertainty was
used to represent error sources such as neglected high-fre-
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quency dynamics, input actuator errors, and low-frequency
plant parameter errors. As expected, the gain and phase mar-
gins were reduced with the addition of the observer into the
guidance law. The gain and phase margin could be improved
through the loop transfer recovery technique; however, this
procedure was not applied to this guidance law.

Figure 7 gives the geometric view of the halo orbit for the
midrange weighting parameters H2 optimum guidance law
when both process noise and measurement noise are absent
from the simulation; Fig. 8 applies when 3a process noise and
3a measurement noise are included. The orbits are stable and
repeatable, and the line-of-sight with the Earth is never lost.
When noise is included in the simulation, the deviations from
the desired halo orbit are small.

Control Input Parametric Study
Three-axis vs two-axis control (£ and f axes) was investi-

gated to determined the advantages or disadvantages of each
method. The figures-of-merit for this parametric study were
chosen to be the average steady-state AKper day for maintain-
ing the orbit (£ and v\ axes) and the percent steady-state error
from the desired circular halo orbit.

Table 4 gives the results for three cases (a-c) where the
semiminor axis steady-state error of the resultant halo orbit
was held constant; the position weighting factors were varied
to maintain constant semiminor axis errors. Semiminor axis
errors more negative than - 11.43% indicate £ loss of line-of-
sight with the Earth. In addition, the average steady-state AV
per day in the f axis was held constant. Three-axis control

Table 4 Three- vs two-axis control Table 5 £ vs i/ axis control

Control axes
(a) 3

2
(b) 3

2
(c) 3

2

AK{ AK, Major
m/s/day tyi

7.866
0.034
8.124
0.063
8.476
0.209

2.694
——

2.778
——

2.890
——

4.85
11.92
4.20
8.53
2.62
4.03

Minor
D error

-11.55
-11.34
-5.42
-5.26
-0.94
-0.95

Control axes
(a) «

*?
(b) $

r;
(c) £

If

AF? AK, Major
m/s/day ^

0.034
——

0.063
——

0.209
——

——
0.034
——

0.063
——

0.209

11.92
65.84

8.53
47.29
4.03

42.12

Minor
o error

-11.34
-27.62
-5.26

-78.86
-0.95

-91.56
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TJ (Non-dimensional)
(a) Front View
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i\ (Non-dimensional)
(a) Front Side
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-0.015
-0.015 -0.005 0.005 0.015

£ (Non-dimensional)
(b) Side View

Fig. 7 Halo orbit geometry (zero noise).
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Fig. 8 Halo orbit geometry (3a noise).
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Effect of noise on halo orbit stationkeeping cost.

provided a better resultant halo orbit that was closer to the
desired circular orbit. However, the AF associated with the
tighter control was two orders of magnitude higher.

Two-axis control, using either control in the £ or r/ axis, was
also investigated for advantages or disadvantages. Table 5
gives the results for three cases (a-c) where the average steady-
state AFper day for each case was held constant; the position
weighting factors were varied to maintain constant average
steady-state AF per day. Two-axis control using the £ axis
provided much tighter resultant halo orbits for the same pro-
pulsion cost. Hence, two-axis control using the £ and faxes is
used in the remaining simulations.

Noise Characteristics Parametric Study
The steady-state solution to the observer Riccati equation is

the error covariance associated with the estimated system
states. Equation (33) shows that the error covariance is a func-
tion of Hd and Um. The noise statistics used in the simulations
are given in Table 2. These statistics are consistent with the
tracking accuracy study contained in the flight dynamics
study.6 A Monte Carlo analysis was completed to quantify the
effect of these noise statistics on the average steady-state AF
per day for halo orbit maintenance. Thirty 150-day sim-
ulations were run and the resultant average steady-state AF
per day obtained. In all cases, the reference input to the simu-
lation was a clockwise circular halo orbit with a radius of
3500km and a nondimensional frequency of 1.862647. Mid-
range weighting parameters were also used. Figure 9 shows
essentially a linear relationship between the amount of process
noise and measurement noise and the resultant average steady-
state AF per day. The dashed lines show the minimum and

maximum values obtained in the 30 simulations. The average
steady-state AF per day found in Table 3 corresponds to zero
process noise and zero measurement noise.

Halo Orbit Characteristics Parametric Study
The position weighting factors p^ and pr and the halo orbit

frequency were varied to determine the effects of each. Non-
dimensional frequency was varied from 0.2 to 7.4 for each
case. As before, the reference input to the simulation was a
clockwise circular halo orbit with a radius of 3500 km. The
duration of each simulation was 150 days.

In each case, the resultant steady-state halo orbit was an
ellipse. For halo orbits with clockwise orbital rotation, Fig. 10
shows, qualitatively, the effect on the halo orbit of increasing
the desired halo orbit frequency. The minimum deviation
from a purely vertical orientation was obtained at a nondimen-
sional frequency of 1.47. As the halo orbit's nondimen-
sional frequency deviated from the system's natural frequency
(1.862647), velocity requirements in both axes increased rap-
idly. When the nondimensional frequency was reduced by 1,
the average steady-state AFper day increased by a factor of 30.
For an increase in the nondimensional frequency of 1, the
average steady-state AF per day increased by a factor of 50.

The halo orbit nondimensional frequency was then fixed at
the natural frequency of the system, and the position weighting
factors were varied. The geometry of the halo orbit was essen-
tially constant with respect to changes in the f axis weighting
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T| (Non-Dimensional)
(a) Front View

0.015
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-0.005

-0.015
-0.030 -0.010 0.010 0.030

£ (Non-dimensional)
(b) Side View

Fig. 10 Effect of increasing frequency on halo orbits with clockwise
orbital rotation.
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factor, and the steady-state error decreased as the rj axis
weighting factor increased. The orientation of the halo orbit
was essentially constant for changes in either weighting factor.
Because of the uncoupling of the linearized equations of mo-
tion, the velocity required in the £ axis was only influenced by
the weighting factor in the rj axis; the velocity required in-
creased as the weighting factor increased. Similarly, the veloc-
ity required in the f axis was only influenced by the weighting
factor in the f axis. However, in this case, the velocity required
decreased as the weighting factor increased. This was due to
the f axis originally being stable and the coupled £ and 77 axes
having to be stabilized by the guidance law.

Conclusions
A guidance law has been developed using H2 control theory

that stabilizes the translunar halo orbit in the restricted three-
body problem. This guidance law minimizes the position de-
viation from the desired halo orbit plus the control accel-
eration. Simulation results validated the guidance law. Fur-
thermore, the halo orbit guidance problem has been formu-
lated in the frequency domain. Other frequency domain design
techniques, such as H^ control theory, are now directly appli-
cable. Finally, the effects of halo orbit frequency, position
weighting factor, and the amount of process noise or measure-
ment noise present have been quantified.
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